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AN EARLY-&CCEPT MODIFICATION TO THE TEST PLANS

OF MILITARY STANDARD 781C

By David A. Butler-and Gerald J. Lieberman
Oregon State University and Stanford University DA

1. Introduction and Summary

Military Standard 781C, "Reliability Design Qualification

and Production Acceptance Tests: Exponential Distribution" [2]

covers the requirements for reliability qualification tests

r •(pre-production) and reliability acceptance tests (production) for

equipment that experiences a distribution of times-to-failure that

is exponential. These requirements include: test conditions,

procedures, and various fixed-length and sequential test plans

a with respective accept/reject criteria. This paper is concerned only

with the statistical test plans and the selection and use of these

plans. The Standard contains both fixed-length test plans (Plans

IXC through XVIIC and XXXC through XXIC) and probability-ratio

sequential tests (Plans IC through VIIIC and XVIIIC). Each fixed-

length test plan is characterized by its discrimination ratio (d),

its total test time (T), and its maximum allowable number of failures

to accept (k). If a fixed-length test plan is selected, the total

test duration is essentially set in advance. The only way in which

one of these plans can terminate early is by rejection. For example,

Test Plan XVIIC terminates with a reject decision at the third

failure if this failure occurs before 4.3 units of tntasl, testl: tisa'p

I/ Work supported in part by Contract N00014-79-C-0751 with the Office
of Naval Research.
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have transpired. An accept decision can only be made when 4.3 units

of total test time have accrued. Even if the second failure occurs

very early, an early reject decision cannot be made; nor can an early-

'accept decision be made if no failures have occurred, say, by time 4.0.

In both of these situations, an early decision would lack statistical

validity In failing to guarantee the operating characteristic of the

selected plan. Moreover, an early reject decision by the consumer

would probably violate contractual agreements with the producer.

However, an early-accept decision by the consumer would not be subject

to such an objection. Such a decision might seem very dosirable to

the consumer (government) if testing costs were substantial or if

schedule deadlines were near. This paper presents modifications to

the fixed-length~ test plans of MIL-STD-781C which allow early-accept

decisions to be made without sacrificing, statistical validity. The

proposed plans differ from the probability ratio~ sequential tests in

the Standard in that rejection is permitted only after a fixed numberJ

of failures have been observed.

2. The Early-Accept Criterion

The early-accept criterion we will con~sider is as follows.J

iiConsider a test plan .9. with discrimination radio d. total test

time T k, maximum allowable number of failures to accept k (k > 1),

and consumer's risk S. Ci~nsider alternative test plans

ýP~k-l with the same discrimination ratio, maximum

allowable number of failures to accept j (.0 < j < k), and total test

2



time - 1 2 where (1.2+2) is the (1 - B)

1j ~~(1-.2j2.,-0 2J+2)s

percentile of a chi-squared distribution with 2J+2 degrees of

freedomOI/ The producer's risks for test plans V,(0 < j k) are

in decreasing order of J, the test times are in increasing order of

J, s.d the consumer's risks are constant in J (each is 0).

The early-accept criterion is as follows: accept at time T ifa
at most j failures have occurred up to that time. This alters the

original test plan •k by allowing early-accept decisions to be

made at k time points prior to the tot2. test time Tk" As a

result the producer's risk for test plan ý9k is altered. Also,
k

even though each test plan 0 " *I' "" has consumer's risk 8,

and even though the alternative test plans S90 , wer e' •k- e

only irvolved with accept decisions, the consumer's risk of the

resulting test is not maintained at 8, and indeed, may be

significantly greater than 0. It is true that if an early-accept

decision te made at time Tar then test plan re, had it been

selected i rior to the start of testing, would have reached the be e

conclusion. But, by allowing the test results to effectively dictate

which test plan is used, the probability calculations involved in

determining the consumer's risk are modified by the conditional

probabilities which wuat consequently be incorporated into them.

1 /This choice is somewhat arbitrary, but is motivated by the use of

this rule to guarantee a given consumer's risk for a fixed-length
test plan.
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The producers' and consumer's risks for the sodiftrd

test plans are computed as follows. Let PA(A) denote the

probability of acceptinq when the true mean time between failures

(MTBF) is 1IA.

p -x) Pr(accept at time Tj} .
J-O

Let A(j) - Pr(accept at time T 1.

Theorem I. Suppose the true MTBF is 1/X. Then

(XT[(- exp(-T T )]i-exp(-X(T i-TI)A T)- p -T) J~ A(9.) -- 3-)-

A() itJ = -o

Proof. If an accept decision is made at time T9 , then exactly Z

failures must ha~e occurred up to that time (since if fewer than

9 failures had occurred, an accept decision wvQld have been made

earlier). Thus

Pr(exactly J failures in [O,T Pr {accept at time T and

rau(J-i) failures in (TeT 1 in

where I represents a union of disjoint events.

(AT Jexp(-AT j)_ [__(Tj_-T _)_j'exp(-A_ (T_-T
Al- A(X) • + A 0jiJ1 0-0-0

---

imO(j-.)t(j4



1%e consumer's risk for the early-accept test plan is P (A) a

the producer'a risk is I PA(I/d).

3. Karly-Accept Test Plans

It has been proposed that the early-accept criterion be used

with the existing parameters of the fixed-length test plans of

MIL-STD-781C. The effect of incorporating the early-accept criterion

into these fixed-length test plans (without further modification) is

shown in Table 1. In all plans except Plan XXIC tho consumer's risk

is increased and the producer's risk is decreased. (Test Plan XXIC

is unchanged since it only accepts when there are no failures.) The

changes are substantial; often the consumer's risk is more than

doubled and the producer's risk halved. By altering the test time

and the maximum number of failures to accept, it is possible to

correct for the effect of the early-accept modification and closely

match th2 operating characteristics (at two points) of the standard

fixed-length test plans. The corrections for each of the MIL-STD-781C

fixed-length test plans are given in Table 2. Accept times for these

early-accept test plans are listed in Table 3.

The corrections were computed by defining functions f (Tk)

as the producer's risk for an early-accept test plan with parameters

T and k, and f (T,k) as the consumer's risk. As T increases

f increases and f decreases, and as k increases f decreases

and f inicreases. Because of the integer restriction on k, it is
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not always possible to design a test plan to achieve Specified

values of a, B exactly. However, an algorithm which will

determine an approximate solution can be constructed. The algorithm

F from which Table 2 Is derived first fixes k and uses a quasi-Newton

method to determine a vclue of T which will achieve the desired

ca-value. The process in then repeated, varying k in accordance

with a bisection search, to determine a k-value for which 0 is

also close to the desired level. Some additional checks to reduce

the calculations or& also incorporated. It should be noted that

the test plans of Table 2 are designed to have a and 0 levels

close to the nominal values of the standard test plans, not the

actual values. (See Tables II and C-1 in [2]).

4. Performance of the Early-Accept Test Plans

Table 2 shows that the maximum test times for the early-accept

test plans are substantially increased from the standard test times.

However, the expected test times for the early-accept plans are

much smaller than the maximum times, and compare quite favorably

to the (fixed) test time: for the standard plarts/ Graphs of expected

test duration versus true ZTBF for the early-accept test plans appear

In Figures 1-12. If estimation of the tru• 14ThF 1.3 not necessary, a

regular fixed-length test can be terminated "early" when rejection is

the appropriate action. Therefore, each figure also graphs the expected

test duration versus the true MTBF for this procedure. It in not

1/ The expected test times for Early-Accept Plans IXC and XC exceed those
for the corresponding standard plans for a consid~rabile range of the
true •H•F. The reason for this is that these two early-accept plans

&• , have producer's and consumer's1 risks aubstantially closer to the nominal
values than do the standard plans.
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surpris•lg that the early-accept test plans generally have smaller

expected tsot durations.

STh expected test durations are computed as follows. Let T

be the (random) test duration.

Li0iI r ((acp at time T + '(reject in (T T1)
IT~ seep J_4'J

~ '(ejc In (1)

whesre IB denotes the Indicator function of the event B, 1.*., 1B

equa8ls Iif the event occurs, 0 otherwise. To compute the terma in

the second sgsmatiou in (1), note that for the plan reject In

f (TJ_,T], r failures (J < r < k) must occur prior to Tj_, and

k + I -r failures must occur In (TI Tj] Thus,

'(reject in "T"- (T z)f(a, da, (2)

0

where f(t) is a g&ma density with parameters X, k + 1 - r, and

Q(J,r) - Pr (do not accept or reject at or before Utie Tj, and r

failures in !O,TJ]. (j < r).

Theorem 2 . For j < r <k

[ ~ ~~~(ATj rex A-T) J~ (Tji-T~t) ] -exp(-A (T-T)

Q(A() (r-)

1-0

7Ql'2 = -- - rt - ..



Proof1. ?Or r k,

Pw(exactly r failures in JOTJ) r ((accept at timT

(necessarily vith a failures)

and (r-t) failurtes in (t

(AT ) r,,p(-T J -1. /A _ T__ I'_________________
( A %IA r)___________________

t-0

All that remain* io to compute teIntegrdl I(2.ThisJ

integral can beexpressed in termseoth incompletogiea

distribution and evaluated by satandard computer utubroutines (1)1.

XX k-r
(T + arfzk- TiI 1 A ds.

-J (TI..l r (k-ril

0 0

I Let I(x~p) be the incomplete Sawa distribution, that is

I~x~p) -dt.

0



Then

A(Ti (T *- 1)

a * . (AT Ibk.r+l) + dx0 £
- T 10 * I([ 1  1 k-r+1) +k± I(AT-T I' k-r+2).
i-I

5. Concluslons

From an operating characteristic curve point of view,, it does nu.

make much difference whether a fixed-length test plan, a probability-

ratio sequential test plan (truncated) or an early-accept plan is chosen,

provided each is designed to have the same operating characteristics.

Generally, the ordering of the expected test duration is smallest for

- the probability ratio sequential test plan, followed by the early-accept

plan, and largest for the fixed-length plan. The advantage of the early-

accept plan, over the probability ratio sequential test plan, is purely

psychological. The producer never has a lot rejected early, and early

decisions occur only with the aesirable outcome (from the producer's

point of view) of acceptance. Such an advantage cannot be discounted.

L 2
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ITT
TABLE I - Changes in Producer's and Consumer's Risks

Resulting from Incorporating Early-Accept
Criterion into MIL-STD-781C Test Plans

Test Discrimination Without Early-Accept Option With Early-Accept Option
Plan Ratio Projucer' s Consumer's Produc.rr' s Consumer's

________ Risk MX) Risk (M) Risk (2• insk (M)

IXC 1.5 12.0 9.9 4.9 38.1

1.5 10.9 21.4 3.5 58.8

XIC 1.5 17.8 22.1 6.8 56.4

XIIC 2.0 9.6 10.6 4.7 31.8

XIIIC 2.0 9.8 20.9 4.4 48.4

XIVC 2, 0 19.9 21.0 11.3 42.8

XVC 3.0 9.4 9.9 5.9 23.1

XVIC 3.0 10.9 21.3 6.8 38.4

XVIIC 3.0 17.5 19.7 12.5 32.6

(High Risk
Plans)

XIXC 1.5 28.8 31.3 14.0 59.5

,XXC 2.0 28.8 28.5 19.4 44.6

XXIC 3.0 30.7 33.3 30.7 33.3

Taken from Tables II and III of MIL-STD-781C and is for the test plan

without early-accept modification.

tTrue risk when the early-accept criterion is incorporated.
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TABLE 3 - Accept Times of Early-Accept Test Plans

Test Plan Accept Times*

1XC To - 4.2 T - 6.1 T2 7.9 T3 -9.4 T4 - 11.0

TS - 12.4 T6 - 13.9 T7 -15.3 T8 - 16.6 T9 - 18.0

T1 0 - 19.3 T 20.7 T 22.0 T1 3 - 23.3 T - 24.5

120. 11 -22 1 14

T 25.8 T 27.1 T -28.3 T -29.6 T1 9 -30.8

T2 0 -32.1 T21 33.3 T 34.5 T 35.8 T 37.0
T2 122 25 35. T24 -3.

T2 5 -38.2 T2 6 " 39.4 T -40.6 T -41.8 T2 9 -43.0
2627 * 28T2

T -44.2 T3 1 -45.4 T3 2 =46.6 T3 3 -47.8 T3 4 -49.0

T3 5 -50.1 T3 6 -51.3 37-52.5 T38 53. T39 54.8

TE. T T 0.
T40 - 5•.0 T4 1 -57.2 T42 -58.3 T4 3 = 59.5 T4460.7

T45  6 61.8 T4 6 -63.0 T4 7 -64.1 T4 8 - 65.3 T4 9 - 66.5

T50 "67.6 T5 1  68.8 T52 69.9 T53 -71.1 T54 -72.2

xC To 3.2 T .0 T 6.6 T -8.1 T4  9.5

T 5  10.9 T6  12.2 T -13.6 T 14.9 T9 -16.1

T 17.4 T -18.7 T12  19.9 T1 3 -21.2 T -22.4

T -23.6 T -24.8 T 26.1 T 27.3 T -28.4
15 16 17 18 19

Cont'd.

Accept at time Tj if j failures have occurred to that time.

13
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TABLE 3 (Cont'd)

Test Plaif Accept Times*

I XC T2 0 - 29.6 T2 =30.8 T22  32.0 T2 3  33.2 T24  34.4

(Cont'd)

T25 -35.6 T26 -36.7 T2 7 -37.9 T28 -39.1 T29 -40.2

T 41.4 T31 42.5 T 43.7 -44.8 T 46.0

T35 -471 - 48.3 T3 7  49.4 50.6 T39 -51.7

XIC To - 3.0 T 4.8 -2 6.3 T3 =7.8 T 9.2

T -10.5 T6 -11.9 T7 -13.2 T8 -14.4 T9 15.7

5 76 9 1.
T -17.0 T -18.2 T 19.5 T 20.7 T 21.9

102T 1 1 5 T -2

5 23.1 T1 6 -24.3 T 25.5 T 26.7 T 27.9

T 29.1 T 30.3 T 31.4 T2 3 -32.6

XIC To =3.7 T -5.6 T ' 7.2 T3 8.8 T -10.3

0M1 2 3 4

T -11.7 T -13.1 T -14.4 T -15.8 T -17.1

5 6 7 8 9

18.4 T -1.-22.3 T1  23.5

10 18.4 T = 19.7 T1 2  21.014

T15- 24.8 T16= 26.0

XIIIC T = 2.8 T1 4.6 T2 6.1 T -7.5 T -8.9

T5 -10.3 T6  11.6 T7 - 12.9 T8 - 14.1 T9 -15.4

T 16.6 - 17.9 T 19.1
10 12

Accept at time T if j failures have occurred to that time.

14 z ii!
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TABLE 3 (Cont'd)

Test Plan . Accept TLues*,,,

xIVC T0 -2.7 T 1 - 44 T2  5.9 T3 -7.3 T- 8.7

T5 - 10.0 T6 - 11.3 T - 12.6

XVC T 3.5 T1 =5.4 T2  7.0 T3  8.6 T4 -10.0

T5 -11.4 T6 -12.8

XVIC T -2.5 T -4.1 T2 -5.6 T3 -7.0 T -8.3
0 1 234

MXVIC To 2.2 T1  3.8 T2  5.2

XTXC T 2.1 T - 3,7 T 5.1 7 " 6.4 T -. 7
01 2 3 T4 -

S5 59" 6 10. 2  T7 11.4 T -12.6

"XXC To 1.8 T1 -3.2 T2 -4.5

XXIC T 1.1

Accept at time T if J fail;res have occurred to that 'tima.
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Standard f'txed-Longtb Test Plan

StandArd Fixed-tength Test Plandi
with Early Rejection
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Standard Fixed-Length Test Plan

IFmr /4--Standard Fixed-Length Test Plan
with Early Rejection
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StOadArd Vixed-Lemgth Test Plan
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Istaudard v1*gd-Lemgith Ust Plan
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4)6tandard Fixed-Length Test Plan
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/standard F~ked-Length Test, Plan

Standard Fixed-Length Test Plan
with Early Rejection
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Figur: 104

25



~Standard Fixed-Length Test Plan

3.60

3s40

Standard Fixed-Length Test Plan
with Early Rejection
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Standard Fixed-Length Test Plan

1.00
i... LW

I
J 0 Standard Fixed-Length Test Plan with Early Rejection

(Early-Accept Plan is identical to Standard Plan)

.70

S .60

.40

030-

0•.00 i.1 -0 -0 - ;--- •0460 0 th - -- 0 "-- "o 9

TRUE MTSF (IN MULTIPLES OF LOWlER TEST MTBF)

TEST PLAN XXIC*
Figure 12

The Standard Fixed-Length Test Plan with Early Rejection and the Early-Accept
Test Plan are identical for this case. 2 .
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